(c) Given xi(n) = a”

N—-1 N—1
Xik)= E arre—_,rligﬂ'.lr."ﬁ' yoke 2 [I:IE—_,I[{_I':.I".'\' 1k ]rr forO<=k<=N-—1
n=10 n=0

N _— 2wk
1— a™e i27k

2N Ik

1— ae

- [1 for n even

(d)y Given x(r) .
|0 for n odd

N—1
— (2N Yk
Xk = E x(#)e J2miN nk
n=0
(NF2)—1 (NF2)—1
- iy - _— TP T -
. E x(2me JU2a/N)I2Znk i E x(2n+ e JO2Za/N N 21k
n=0 n=0
(NF2Zy—1 ) ) (N2 —1 )
- E : xiznje—_,rn:d-rrh".' nk 2 E—_,r-i—r':.in.-‘.'\.'
=0 n=0

EXAMPLE (a) Find the 4-point DFT of x(n) = {1, -1, 2, -2} directly.
(b) Find the IDFT of X(k) = {4, 2, 0, 4} directly.
Solution:
(a) Given sequence is x(n) = {1, —1, 2, =2}. Here the DFT X(k) to be found is N =
4-point and length of the sequence L = 4. So no padding of zeros is required.
We know that the DFT {x(n)} is given by

N- N-1 o 3 N
X(k) =Y x(mWi =Y x(n) e/ =% x(n)e /T £=0,1.2,3
n=0 n=10 n=0

3

X(0) =Y x(m) e’ =x(0)+x(D+x(2)+x(3) =1-1+2-2=0

n=10

3

X() = x(me /2" = x(0)+ x(1)e™™ 4 x(2) e~/ + x(3) e/

n=10
=1+ (=D(0=j)+2(=1 - jO)=2(0 + j)
——l—j
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?' - - = -
X(2)= Y x(mye " = x(0) + x() e~ + x(2)e” T+ x(3) e
n=0
=1—=1(=1— jO)+2(1— jOy—2(=1— jO)=6
3
X{S) — Z _I{H}E—ﬁ?-.-".'fz b — :{-{D} i J.{.U}E—_,r[.?;:.-'ir i :{-{2}8_}3;: i x(s} E—_,I’[‘;'_."_'.IT]
n=0

=1=1(0+ )+ 2(=1=jO)=2(0=j)==1+7j
X(k) = {0. -1 —j. 6, -1 +j}
b) Given DFT is x(z |
(b) iven DFT is X(k) = {4, 2, 0, 4}. The

IDFT 0), i.e i i
N of X(k), i.e. x(n) is given by

x(n)=— —nk 1%
ZX(A)W = NZX(k)()j(LVr/N)nk
k=0
i.e. x(n) = Z X(k)e-’(”/z’""
k 0

3
Z X(k)e® = —[X(O) + X1 + X(2) + X(3)]

x(0)

M-

1
=—[4+2+0+4]=2.5

.b

1 |
x(1) = Z Xk eIk = Z[X(O) XD + X2 e + X(3)elOmD]
420 ’

=z[4+2(0+j)+0+4(0—j)]=l - j0.5
2= % Lg) e %[X(O) +X(De™ + X (2) /" + X(3)("j3n]
= 4l[4 +2(—1+/jO)+0+4(—1+ 0)]=-
(3= 41 i X (k) ! = %[X(OH-X(I)eM"'/"’ L X(2)e?T +X(3)ej(9rr/2):|
k=0

[4+2(O—-j)+0+4(0+j)]=1+j0_5

_1
T4
sl = {2:5; 1.—JO.5, =08, 1 +J05)
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EXAMPLE (a) Find the 4-point DFT of x(n) = {1, -2, 3, 2}.
(b) Find the IDFT of X(k) = {1. 0, 1, 0}.

Solution:
(a) Given x(n) = {1, -2, 3, 2}.
Here N = 4. L = 4. The DFT of x(n) 15 X(k).

N-l 3 . 3 o
X(k)= Y x(mWg' = x(mye /F9 =N x(mye TP k=0,1,2.3
n=0 n=0 n=0
3
X(0)= x(m)e” = x(0)+ x(1) + x(2) + x3) =1-2+3+2=4
n=0
X()= me]e_mm”— x(0)+ x(De /™ 4 x(2)e™ I 4 x(3)e /P
n=0
=1=2(0-j) +3(=1-j0) + 200+ j)= -2+ j4
3 - . ) .
X(2)= Z,rm]e_””— x(0) + x(De™ ™ + x(2)e™*™ + x(3)e "
n=0
=1-2(-1-j0)+3(1- jO)+ 2(~1- jO) = 4
X(3)= 3 x(me I = x(0)+ x(1)e /O 4 x(2)e™ T 4 x(3)e /O
n=0

=1=2(0+ j) +3(=1=j0) + 2(0 - j) = =2 - j4
X(k)={4,-2+ j4,4,-2 - j4}
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(b) Given X(k) = {1, 0, 1, 0}
Let the IDFT of X(k) be x(n).

x(n)=— Z X(kyWy™ = Z X(k)e/ 2k

k=0 i 0
x(0)= meeu_i[ X+ XQ)+ X =[1+0+140]=05
.K =0
x(l)=— ZX(R} Jimi2)k %[X{ﬂ] " X{I}Ejim"l] " X(E]E"IF " X[*?’}Eﬂ.?ﬂ'fz]]
.K =0

_1[1 b0+ el 4 0]_1[1 F0=1+0]=0
4 4

X(2)=— meef”*_ | X(0)+ X(De™™ + X(2)e" + X(3)e”™" |

1
4 4

;[1 FO+ /2" HZI]——[ +0+1+0]=0.5

x(3)= %Z X (kye! 2k — %[X{ID} FX(DelT 4 X (2)eT + X(3)el T |
k=0

1 e 1
=—[1+0+e"”" +0]==[1+0=1+0]=0
4[ 1 4[ 1

The IDFT of X(k) = {1, 0, 1, 0} 1s x(n) = {0.5, 0, 0.5, 0}.
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EXAMPLE Compute the DFT of the 3-point sequence x(n) = {2, 1

same sequence, compute the 6-point DFT and compare the two DFTs.

Solution: The given 3-point sequence is x(n) = {2, 1, 2}, N = 3.

N-1 2 . _
DFT x(n)= X(k)= > x(mWy' = ¥ x(m)e /> k=0,1.2
n=0 n=0

= x(0) + x(1e™ Tk 4 x(2) g /4m3Nk
=24 | coe—}l ;*;m—ﬁ ‘ } 2‘ cc:-cs—k jsin—k‘

When k = 0, _X{'k}—XfO}—’?+1+2:5
When k£ = 1, Xky=X()=2+ | coﬂ%—;sm—‘ i ’?‘ coe%—;@i 4}-‘

=2+ (=0.5-j0.866)+ 2(=0.5+ j0.866)
=0.5+ j0.866

When k£ = 2, Xky=X(2)= 2+l 00*94——;‘;111— |+ Zl co%——_,ramSTH

=24 (=0.5+ j0.866)+ 2(—0.5— j0.866)
= 0.5— j0.866

3-point DFT of x(n) = X(k) = {5.0.5+ j0.866,0.5 — j0.866}
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MATRIX FORMULATION OF THE DFT AND IDFT

If we let Wy, = 7™ the defining relations for the DFT and IDFT may be written as:

N-1
Xk ="3 x(mWy, k=0,1,.... N-1
n=0

N-1
x{m_lz X(Wy™, n=0,1,2...,N-1
k=0

The first set of N DFT equations in N unknowns may be expressed in matrix form as:

X = Wpx
Here X and x are N x 1 matrices, and Wy is an N x N square matrix called the DFT matrix.
The full matrix form is described by

Toxo 7 Twy  wy wl o wy I x0) ]
X owy o Wy Wy o W
X2 = wy Wy Wy o WYY X2

LX[N — I}J LW'? ]"F_-'['.’N_I} w&[:ﬁ’—l: e W{;MF—J‘H.-'-;—I:J'LI(N - “J

THE IDFT FROM THE MATRIX FORM

The matrix x may be expressed in terms of the inverse of Wy as:
x=Wy'x

The matrix W;J is called the IDFT matrix. We may also obtain x directly from the IDFT
relation in matrix form, where the change of index from »n to k and the change in the sign of
the exponent in />N lead to the conjugate transpose of Wy. We then have

.x = %[“: T X

: o | « 7
Comparison of the two forms suggests that “-’N' :F[“’N] .

This very important result shows that W' requires only conjugation and transposition
of Wy, an obvious computational advantage.
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USING THE DFT TO FIND THE IDFT

Both the DFT and IDFT are matrix operations and there is an inherent symmetry in the DFT
and IDFT relations. In fact, we can obtain the IDFT by finding the DFT of the conjugate
sequence and then conjugating the results and dividing by N, Mathematically,

x(n) = IDFT[X(K)] = ]E[DFT (X" (k)T

This result involves the conjugate symmetry and duality of the DFT and IDFT, and suggests
that the DFT algorithm itself can also be used to find the IDFT. In practice, this is indeed
what is done.

EXAMPLE Find the DFT of the sequence
x(n) = {1. 2, 1, 0}

Solution: The DFT X(k) of the given sequence x(n) = {1, 2, 1. 0} may be obtained by
solving the matrix product as follows. Here N = 4.

rxol Twe wo we wellxo1 11 1 1 1017 [ 4]

i

X wy Wy Wy oWy x@® 1 - -1 2 )2

XQ Wl owWE owi owg x@ 1 -1 1 -1 1 0

i
i

LX) [wy wy Wy wy |G ] 0 -1 =j0) L2 ]

i

The result is DFT '{x(n)}= X(k)=1{4,—-j2,0, j2}.

EXAMPLE Find the DFT of x(n) = {1, -1, 2, -2}.

Solution: 'The DFT, X(k) of the given sequence x(n) = {1, —1, 2, -2} can be determined
using matrix as shown below.

we w2 ow? owel o1 [ oo
m;:'wj} Wy wiewg ===l Sl

wyowR oW owy 1 -1 1 -1 26

IS S /S /ol I R e B A | R B R R

DFT {x(n)} = X(k) = {0, 1 — j. 6,1+ f}
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EXAMPLE Find the 4-point DFT of x(n) = {1. -2, 3, 2}.

Solution: Given x(n) = {1, -2, 3, 2}. the 4-point DFT{x(n)} = X(k) is determined using
matrix as shown below.

[ U S T U U I O S
1 o= -1 j-=2 -2+ j4
DFT (x(m}=X(k)= d ™
1 -1 1 -1 3 4
L7 -t =L 2] (=24
DFT {x(n)} = X(k) = {4, -2+ j4,4,-2— j4}

EXAMPLE Find the IDFT of X(k)={4, —2. 0, j2} using DFT.

Solution: Given X(k) = {4, -2, 0. j2} .. X'(k) = {4, j2. 0, 2}

The IDFT of X(k) is determined using matrix as shown below.

To find IDFT of X(k) first find X (k). then find DFT of X (k). then take conjugate of
DFT {X'(k)} and divide by N.

1 1 1 4] [4]

DFT{X (k)= L —4 —b 1 Jj2_'8
1 -1 1 -1 0 4

1 i -1 —jjl-i2] o]

IDFT [X(k)] = x(n) = %[4, 8, 4,0] = %[4. 8, 4,0]=[1.2.1,0]

EXAMPLE Find the IDFT of X(k) = {4, 2, 0, 4} using DFT.
Solution: Given X(k) = {4, 2, 0, 4}
Xk) = {4, 2, 0, 4}

The IDFT of X(k) is determined using matrix as shown below.
To*find IDFT of X(k), first find X'(k), then find DFT of X'(k), then take conjugate of
DFT {X (k)} and divide by N.
| M1 1 141 [ 10 7
j =1 ji2 4+j2

® | ] =
DFT[X (k)]= | =]
LX)l I =1 1 =1 0 =2

L7 -t =illa] [4-2]

IDFT{X(kJ}:_x(n;zi[m,‘i b j2.-2,4- j2] ={2.5.1- j0.5,-0.5,1 + j0.5}
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EXAMPLE Find the IDFT of X(k) = {1, 0. 1, 0}.

Solution: Given X(k) = {1, 0, 1, 0}, the IDFT of X(k), i.e. x(n) is determined using matrix
as shown below.

X (k) = {1,0, 10" = {1.0. 1,0}
1t 1 1] 2]
. Il —j -1 j 0 0
DFT {X"(k)} = / Al
L -1 1 -1 1 2
lrj -1 —=jjlo] [0]

]DFT{X{k)}:.r{n}—&[DFT{X"{k)}] —%{10. 2,0} =1{0.5,0,0.5,0}
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