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7.1.5 Scaling the Digital Transfer Function

After a digital filter has been designed following any one of the techniques outlined in this chapter, the
corresponding transfer function G(z) has to be scaled in magnitude before it can be implemented. In
magnitude scaling, the transfer function is multiplied by a scaling constant X s¢ that the maximum
magnitude of the scaled transfer function G,(z) = K G(z) in the passband is enity, i.e., the scaled transfer
function has a maximum gain of 0 dB. For a stable transfer function ((z) with real coefficients, the scaled
transfer function X (G{z) is then a bounded real (BR) function.* .

For a frequency selective transfer function G(z), if Gpgy is the maximum value of |G{e/®)}| in the
frequency range 0 < w < m. then K = 1/Gax, which results in a maximum gain of 0dB in the passband
of the scaled transfer function. For example, in the case of a lowpass transfer function with a maximum
magnitude at de, it is usual practice to use K = 1/G(1), implying a dc gain of 0 dB for the scaled transfer
function. Likewise, in the case of a highpass transfer function with a maximum magnitude at «w = 7, K
is selected equal to 1/G(—1) yielding a gain of 0dB at w = 7 for the scaled transfer function. For a
bandpass transfer function, it is common to use X equal to 1/|G(e/¥r}|, where @, is the center frequency,
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7.2 Bilinear Transformation Method of IIR Filter Design

A number of transformations has been proposed to convert an analog transfer fanction H,(s) into a digital
transfer function G(z) so that essential properties of the analog transfer function in the s-domain are
preserved for the digital transfer function in the z-domain. Of these, the bilinear transformation is more
commonly used to design IIR digital filters based on the conversion of analog prototype filters.

7.2.1 The Bilinear Transformation

The bilinear transformation from the s-plane to the z-plane is given by [Kai66]

2 /1—z71

Th_c above transformation is a one-to-one mapping, i.e., it maps a single point in the s-plane to a unique
point in the z-plane, and vice versa. The relation between the digital transfer function G(z} and the parent
analog transfer function H, (s) is then given by

Gz} = Ha(s)lszg(l_.--t). (7.21)

e

4See Section 4.4.5 for 4 definition of 4 bounded real (BR) function.
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The bilinear transtormation is derived by applying the trapezoidal numerical integration approach to the
differential equation representation of H, (s} that leads 1o 1he difference equation representation of Giz)
(sce Example 2.36). The parameter T represents the step size in the numerical integration. As we shall
sce later in this section, the digital filter design procedure consists of two steps: first, the inverse hilinear
transformation 15 apphed to the digitad filter specifications to arrive at the specifications of the analog filter
nrototype; then the bilinear transformation of Eq. (7.20) 1s emploved to obtain the desired digital transfer
tunctton G (2) from the analog transfer function H,{5) designed to meet the analog filter specifications. As
a rexult, the parameter 7' has no effect on the expression for G{z). and we shall choose, for convenience,
" = 2 to simphify the design procedure.
The corresponding inverse transformation for T = 2 is given by

1+
7= —— (7.22)
i-—
T.et us now cxamine the above transformation. Note that jor 5 = £,
1+ 72,
1= —— {7.23
] - J'Q(} ) }

which has a unity magnitude. This implies that a point on the imaginary axis in the s-plane is mapped onta
a peint on the upit circle in the z-plane. [n the general case. for s = o, + jS,.
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Therefore,
2 L+ a) + (52,)°
(1 — Uu)z + I-Qc;)z ‘

Thus. a pointon the jQ-axis in the s-plane (o, = 0) is mapped oato a point on the unit circle in the z-plane
as 1zl = 1. A point in the left-halt s-plane with ¢, < 0 is mapped onto a peint inside the unit circle in
the z-plane as jz| < 1. Likewise, a point in the right-half s-plane with o, > 0 is mapped onto a point
outside the unit circle in the z-plane, as [z] > 1. Any point in the s-plane is mapped onto a unigue point in
the z-plane and vice versa. The mapping of the s-plane into the z-plane via the bilinear transformation is
llustrated in Figure 7.3 and is seen to have all the desired properties. Also, there is no aliasing due to the
one-t-one mapping.

The exact relation between the imaginary axis in the s-plane (s = j§2) and the unit circle in the z-plane
{z = ¢/} ts of interest. From Eq. {7.20) with 7 = 2 it follows that
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£2 = tan (%) . (7.26)

which has been plotied in Figure 7.4. Note from this plot that the positive (negative) imaginary axis in
the s-plane is mapped into the upper (Jower) half of the unit circle in the z-plane. However, it is clear that

the mapping is highly nonlinear since the complete negative imaginary axis in the s-plane from Q@ = —oo
to 52 = 0 is mapped into the lower half of the unit circle from @ = i {ie., 7 = —ltow = 0 (e,
= = +1), and the complete positive imaginary axis in the s-plane from 2 = 010 Q = 400 is mapped into
the upper hall of the unit circle from w = 0 (te..z = +1)to w = +7 (i.e.. z = —1). This introduces

a distortion in the frequency axis catled frequency warping. The effect of warping is more evident in
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Figure 7.4: Mapping of the angular analog frequencies £2 to the angular digital frequencies « via the bilinear trans-
formation.

Figure 7.5, which shows the transformation of a typical analog filter magnitude response to a digital filter
magnitude response derived via the bilinear transformation. Thus, to develop a digital filter meeting a
specified magnitude response, we must first prewarp the critical bandedge frequencies (w p and ¢y ) to find
their analog equivalents (2, and £2;) using the relation of Eq. (7.26), design the analog prototype H,(s}
using the prewarped critical frequencies, and then transform H,(s) using the bilinear transformation to
obtain the desired digital filter transfer function G(z).

It should be noted that the bilinear transformation preserves the magnitude response of an analog filter
only if the specification requires piecewise constant magnitude. However, the phase response of the analog
filter is not preserved afier transformation. Hence, the transformation can be used only to design digital
filters with prescribed magnitude response with piecewise constant values.
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